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Math 309: Quiz 1
Instructor: Robert L. Miller
December 2, 2008

1. Solve the following boundary value problem for a function u(z,t) for 0 < x < 7 and
0<t:

U = Uge; 0 <z <M, 0< 1
u(0,t) =0;0<t
u(m,t) =0;0 <t

(2,0) x, 0<z<m/2
u(x,0) =
T—z, w/2<x<m.

Note that

w/2 . nr\ -
/ xsin(nx) deZSln(Q) 72mcos(2)7
0 2n

and

_ ; dr —
/2(7r x)sin(nz) dx 52

/7r 2sin (%) + mn cos (%)

Hint: Start by looking for product solutions of the form

u(z,t) = X(x) cos(wt).

We begin by considering product solutions of the form X (x) cos(wt), as suggested by the
hint. The differential equation u;; = u,, becomes

—w? X (z) cos(wt) = X" () cos(wt).
Canceling cosines gives
—w?X(x) = X" (x),

which has the general solution

X(z) = ¢1 cos(wx) + o sin(wz).

By the condition u(0,t) = X (0) cos(wt) = 0 we can deduce that X (0) = 0 and similarly
by u(m,t) = 0 we can deduce that X (m) = 0. The first condition guarantees that
X(0) = ¢; = 0, and the second guarantees that X (7) = ¢y sin(wm) = 0, which implies
that wm = nm for some integer n, i.e. w = n. Thus our product solutions are (up to
constants) of the form

sin(nz) cos(nt).
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Since the conditions we have used so far are homogeneous, we can take linear combina-
tions, so suppose

u(z,t) = Z ¢p sin(nax) cos(nt).

n=0

Plugging in the initial value condition, we see that

- 0<z<m/2
u(z,0) = ch sin(nz) = {x, v/
n=0

T—x, w/2<x<m.

Thus by Fourier analysis (taking a sine series for the rightmost function), we can conclude
that
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Therefore the final solution can be written as

u(z, t) = Z % sin((2n + 1)z) cos((2n + 1)t).



